THE ENTROPY OF CHEBYSHEV POLYNOMIALS

BY
R. L. ADLER AND M. H. MCANDREW

1. Intreduction. The purpose of this work is to compute the topological entropy
of the vth Chebyshev polynomial T,(x) considered as a map of [—1,1] onto
itself. The notation and basic definitions relevant to the concept of topological
entropy are contained in [1] and are reviewed briefly below.

For an open cover U of a compact space X,N(W) denotes the minimum
cardinality of all sub-covers of UA. H(A) =log N(A) is called the entropy of A.
A cover B is said to refine a cover U if every set of B is a subset of some set of
A; we use the notation W—<B. We define the join of two covers A, B to be the
cover AVB ={4ANB; AeU, BeB}. For a continuous map ¢ of X into itself
we define h(¢, N), the entropy of ¢ with respect to U to be

lim HLV ™AV v 6™ 1) n;
in [1] this limit is shown to exist. Finally h(¢), the entropy of ¢, is defined to be
sup h(¢, A) where the supremum is taken over all open covers 2 of X. In the
sequel we use the following properties.

(1) — is transitive.

2) A=<W and B<B'=AVB <A’ vB'.

(3) A<B = N(A)< N(B).

@ A<B=¢ ' A<o™'B.

(5 ¢7'(AVB) =o' AV 'B.

(6) Let A, be a refining sequence; i.e. a sequence of open covers such that
A, <U,,, and for every open cover B there is some U, with B <A,. Then
h(¢) =lim,_, , h(¢,A,). These properties are proved in [1].

2. Preliminary lemmas.

Lemma 1. Let X be a compact topological space and p a Borel measure
on X. For an open cover B of X, let g(*B,x) = 1/sup u(B), the supremum being
taken over all B with xe B and Be®B. Then [xg(B,x)du < N(B).

Proof. g(B,x) is measurable since {x:g(B,x) <} = U,,(,,,.)> 1/2B;, an open
set.
Let B’ = {B,,B,,**, By} be a subcover of minimal cardinality. For xe X

let B(x) be that B; of least index such that x e B;. Then {x:B(x)= B;} is just
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B; NB; NnB, N --- N B;_, and is measurable. If u(B;) = 0 then u{x: B(x) = B;} =0
and

f g(B,x)du = 0.
{x:B(x)=B:}

If w(B;) # 0 then
1
B,x)du < j ——du=1.
f{x:B(x)=Bl}g( Yp B, M(B) #

Since X = [ JN%{x: B(x) = B;} the result of the lemma now follows.

LEMMA 2. Let v=2. Then there is a function A(r) defined for integral
r =2 with the following properties:

2.1) (@) lim,, AF) = v.
(ii) If r=2 and {I,;n 20} is a sequence of real numbers satisfying

(2'2) In+1 >VI,,—(V— 1)In—_s+l
Jor 1=s=<rand s<n+1, then
2.3) liminf I} > A(r).

Proof. We shall show that the unique positive zero of
2.4 [ =X == DET T4+ 1)

has the properties required for A(r). We note that for r>2, A(r) is the
positive zero other than 1 of g(x) = (x—1)fi(x) = x"—vx""'4v—1.
Now g()=v—1>0, and g(v—v*"") = v—1—v(1 — vy, Clearly
g(v—v*"")> —1asr- . Hence for r sufficiently large, v — v2""< A(r) < v.
This verifies (2.1).

To verify the second property of A(r) let r = 2 and let I, be a sequence satis-
fying (2.2). Let J,=1I,,, —I, (n=0). Then from (2.2) with s=1, J,>0.
Further

(2.5 Jo> =Dy + T2+ -+ Js1)
for 2<s=<r and s<n+1. We shall show that for n >0,
(2.6) J, 2 J A" .

Since f,(1) =1 —(v—1)(r—1) £ 0 and f,(+ ©) = + o, A(r) = 1. Hence (2.6) is
true for n =0. From (2.5) with s =2,3,--.,r—1 and n=s—1 it follows that
Ja>Jo for 1 =n<r—2 and, a fortiori, (2.6) is true. The remaining cases for
n follow from (2.5) with s = r by induction, since A(r) is a zero of (2.4). Relation
(2.3) now follows from (2.6) since I, =1, + X" " J,..
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3. Main result. Let X be the interval [—1, 1] with its usual topology and let
¢ be the map x — T,(x) where T, is the vth Chebyshev polynomial; i.e. T,(cos0)
=cosvl.

THEOREM. h(¢) =logv.

Proof. Let X' =[0,7n] and let ¢ be the homeomorphism of X onto X’ de-
fined by x’ =ox =cos 'x. Let { be the continuous map o¢s ~! of X’ onto
X'. By Theorem 1 of [1], h(¥) = h(¢) and so we may work with ¥ instead of ¢.

The map ¥ is given explicitly by y(x') = S,(x") where
vx — kn, k even,
S(x) = {
(k+ Dr—vx, k odd,

forkn/v<x=<(k+ U=n/v, k=0,1,---,v— 1. Figure 1 illustrates the case v = 3.
Now S, is just the identity transformation on X’ and hence for v=1, h(y) =0.

X X’

XI

FIGURE 1

For v> 1, we argue as follows. Let ¢ < 1 and let U, be the cover of X’ consist-
ing of all intervals of length < ¢ of the type (a,b,), [0,b) or (a,n]. For such
an interval I of length I, ¥~ 'I is the union of disjoint similar intervals each of
length I’ where I/v<1’ £2l/v; this is clear from Figure 2. Hence ¥ ', —<%,,,. By
properties (1) and (4) of the introduction it follows that y ~*, < U, i for k= 1,2,
Hence

AV ‘//—lme VeV 'I’_nsua"< QIB Vv QIe/v VoV sl[z/v" = szIe/v"’
since A,;,r <A,,n for 0 < r < n. Therefore, by property (3),
N VYAV - VYT Uq) < N(U,ppn) S o'+ 1.

Therefore h(y,U,) < logv. Now the sequence {,,,} is shown in [1] to be a
refining sequence and so, by property (6), h(y) = lim,_, o, h(Y, U, ,,) < logv.
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Next we will prove the reverse inequality, h({y) =1logv. Let p be Lebesgue
measure on X' and let g(B,x) be defined for xe X’ and B a cover of X’, as in
Lemma 1. Suppose now that & < n/2v. We note first that if B is an open cover
whose sets have diameter < ve,

3.1 g~ BV U,x) = g(B,yx),
and, for x ¢S,,
(3.2) s BV U, x) = vg(B,yx),

where S, is the set of points at distance = ¢ from some 7nk/v with 0 <k <v.
The proof of (3.1) and (3.2) is immediate from Figure 2, where B represents
some set of B. Inequality (3.1) follows since u(Y 'B) = u(B) and
u(*BNA) < u(~'B) for any A. For (3.2), the essential point is that for
any Be B,y !B consists of exactly v pieces of each measure u(B)/v and di-

124

17278 S I

FIGURE 2

ameter d(B) /v where d(B) is the diameter of B. If x¢S, and xe Ae ¥, then
ANy~ !B contains points of at most one such piece and there is a choice of
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A€, such that AN Yy~ 'B is the whole of one piece. Let g,(x) denote
g U VYUY - VYU, x). Taking B = AV Yy 1AV - VY "U,in (3.1)
and (3.2), we obtain

(3.3) 8+ 1(X) 2 8.(Yx),
and, for x¢S,,
(3.4) En+1(X) = vg,(¥x).

From (3.3) and (3.4) we have, for0<k=<v-—-1,

(k+1)m/v (k+1)rfv—¢ kn/v+e (k+1)n/v
jk o 1()dx 2 ﬁ ven(x)dx + j g (Ux)dx + f g (U)dx
(

/v n/v+e kn/v k+1)n/v—e

T

= [ Tamy vt [Caoiay v |

ve -

&)y
Hence
69 [ griixzy [ ety = 0= [“aody-0-0 " a0y,

Now for 0 <a<mn/v—¢, [0,a]NS,=¢. Hence for n =1,

va

f:gn(x)dx; J; avg,,_l(lllx)dx = J; g 1()dy.

Iterating this operation we have that if

(3.6) O0<v la<n/v—egand nZrz=0,

then

(3) [[aix =" nar.

Similarly if v is odd (so that Y(n) = ) and a,n,r satisfy (3.6) then
(38) [ atix = [* atar.

Further (3.8) also holds if v is even and a,n,r satisfy (3.6). In this case Y(x) is
an even function of x — /2 and cover U, is symmetric about = /2; hence g,(x)
is an even function of x — n/2 and now the left-hand and right-hand sides o1
(3.7) and (3.8) are respectively equal.

Let I,= [5g(x)dx and choose ro=ry(e) such that 0< evot<mlv—¢g
and 2v% <m/v. Let 1Ss<r, and n=s—1. Then from (3.5),
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Las 2V, — (v=1) f " e0dx — (v—1) f T gdx,
(3.9) 0 n—VvE

=00 [ sy =00 [ g O,
from (3.7)and (3.8)with @ = veand r = s—1. By definition of ry, ve < = — v’¢, and
clearly g,(x) > 0 for all 0 < x < n. Hence from (3.9),

In+1 > VIn - (v_l)In—s+l

for 1<s=<roand n=s—1. Let A(r) be defined as in Lemma 2. Then

hY, ) log(lim L RVE D VIR w'"“m))

n—o

= log(]im inf I:/_l) , by Lemma 1,

n— o

v

logA(ry), by Lemma 2.

Letting ¢ — 0 we may choose rq(¢) so that ro — 0o and hence h(y) = sup, h(y, U,)
= logv since lim,, , A(rq) = v. This concludes the proof of the theorem.
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